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Motivated by the recent efforts to describe the gravitational interaction as a classical
channel arising from continuous quantum measurements, we study what types of dynamics
can emerge from a collisional model of repeated interactions between a system and a set of
ancillae. We show that contingent on the model parameters the resulting dynamics ranges
from exact unitarity to arbitrarily fast decoherence (quantum Zeno effect). For a series
of measurements the effective dynamics includes feedback-control, which for a composite
system yields effective interactions between the subsystems. We quantify the amount of
decoherence accompanying such induced interactions, generalizing the lower bound found for
the gravitational example. However, by allowing multipartite measurements, we show that
interactions can be induced with arbitrarily low decoherence. These results have implications
for gravity-inspired decoherence models. Moreover, we show how the framework can include
terms beyond the usual second-order approximation, which can spark new quantum control
or simulation protocols. Finally, within our simple approach we re-derive the quantum
filtering equations for the different regimes of effective dynamics, which can facilitate new
connections between different formulations of open systems.
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2I. INTRODUCTION
Modern measurement theory dispenses with the description of a measurement as a
projection onto one of the complete set of orthogonal eigensubspaces of a Hermitian oper-
ator (an observable) with the results (the observable’s eigenvalues) distributed according
to a probability measure [1, 2]. Rather, the measurement is understood as an operation,
whereby the system’s final state is determined by an action of a completely positive trace
non-increasing map, corresponding to a given result, and the outcomes are described by
linear operators on the system, distributed according to a positive-operator valued measure
(POVM) [3]. This generalized description of a measurement allows achievement of tasks
that are impossible with projective measurements [4] and is in fact necessary in most prac-
tical situations, where measurements are made with inefficient detectors, additional noise,
or provide limited information about the system [5, 6].
Of key importance is that the POVM approach unifies the theory of measurements
with a general description of dynamics, the theory of open quantum systems [7]. It follows
from Stinespring’s dilation theorem [8] that any POVM operator can be constructed from
a projective measurement on an enlarged Hilbert space: where the system of interest and
an additional ancilla evolve under a joint unitary and then the ancilla is measured. In the
context of measurement theory, the ancillae can be regarded as the measuring apparatus,
whereas in the theory of open systems they can model the system’s environment. Engi-
neering a particular measurement and engineering a particular dynamics for the system are
thus two complementary aspects of the same conceptual framework. This correspondence
is directly applied in quantum simulations [9], quantum control [5], quantum computation
[10, 11] – in all scenarios where a particular Hamiltonian for the system is desired, or when
an existing system-environment interaction needs to be suppressed [12].
Recently, a particular model was developed where repeated position measurements re-
sult in an effective long-range interaction between systems measured by common ancillae
[13]. The interactions arise with dissipation of just the right magnitude to render the re-
sulting dynamics classical – unable to increase entanglement. The picture of interactions
as mediated by quantum systems, [14], is still missing for the gravitational case, despite
a variety of efforts [15]. The above result is thus of high interest [16–18] for gravitational
quantum physics. So far, an approximately Newtonian interaction was constructed from
this model [16, 17], where decoherence does not only keep the resulting force classical,
but is also claimed to be equivalent [16, 18, 19] to the Diosi-Penrose decoherence model
[20, 21]. However, it is also well known that any local dynamics can be efficiently simu-
lated by suitably chosen interactions with ancillae [4]. In particular, repeated interactions
employed in the research described above correspond to a collisional model of an open
system [22–25], which can reproduce any Markovian dynamics [24, 25] (including recently
revisited examples of effectively unitarity [26] as well as fully decoherent [27] evolutions).
The questions thus arise: What are the assumptions necessary to obtain any particular
type of dynamics from the continuous quantum measurement? Is it possible to induce the
3interactions but with less decoherence? Is it possible to generate an exact Newtonian, or
even post-Newtonian, interaction from such a model?
Here we study what types of dynamics can in general emerge from a simple model of
repeated measurement, where refs. [13, 16–18] are a particular example. We show that the
interaction terms found in those studies, arise for a particular choice of the model param-
eters. We discuss the necessary conditions and highlight all relevant assumptions required
for their emergence. Furthermore, we quantify the amount of decoherence arising with
the effective interactions. We provide a very simple proof that for bipartite measurements
dissipation accompanying effective interactions is indeed lower bounded, generalizing the
observation made in the gravitational example. However, we also show how effective in-
teractions can emerge with arbitrarily low decoherence – if one allows for measurements
realized through, admittedly less appealing, multipartite system-ancillae interactions.
While our results are motivated by position measurements in the gravitational sector,
they also have applicability beyond these particular considerations. The very simple ap-
proach applied throughout this work shows which assumptions can be modified, and how,
in order to obtain a larger class of effective evolutions; for example, it provides a means
to construct collisional models that would give Markovian master equations beyond the
usual Born-Markov approximation and suggests how these can be used to recover exact
Newtonian (or post-Newtonian) interaction terms from the repeated measurements. By
deriving quantum filtering equations corresponding to all the different regimes of emergent
dynamics our work can also provide new connections between the stochastic calculus and
other approaches to open quantum systems. In this context we also note concurrent work
[28] investigating emergent open dynamics of a quantum system undergoing rapid repeated
unitary interactions with a sequence of ancillary systems. Our results, are commensurate
with these, though the work of ref. [28] is concerned with understanding how thermaliza-
tion, purification, and dephasing can emerge whereas our concern is with the continuum
limit and the nature of the emergent interactions arising in such models.
The structure of this paper is as follows: in Sec. II we revise a general model of a re-
peated interaction between a system and a set of independent ancillae. We show how –
contingent on the relationship between the strength and duration of the interaction and
the state of ancillae (moments of its probability distribution) – any type of system dy-
namics can emerge: from exact unitary evolution (related to “decoherence free subspaces”
[29]), effectively unitary evolution under an “external potential” recently re-investigated
in ref. [26] and decoherence, with the quantum Zeno effect (QZE) [27, 30, 31] in the ex-
treme case. In Sec. III we generalise the model to a sequence of repeated interactions. In
particular, we identify conditions under which coherent quantum feedback [5, 6, 32] arises.
In Sec. IV we consider composite systems under sequences of interactions. We identify
conditions under which an effective interaction between two systems emerges and quantify
the accompanying decoherence. For a particular choice of measurements we recover the
emergence of the Newtonian gravitational interaction of ref. [16]. Finally, we discuss the
applied method, results and outlook in Sec. V, where we also discuss the connection to
4stochastic calculus.
II. CONTINUOUS QUANTUM MEASUREMENT
We consider a system S and a set of n identically prepared ancillae Mr, r = 1, ..., n.
Initially, the system is uncorrelated with the ancillae, couples to the first one for a time τ ,
decouples, then couples to the second one for time τ , decouples, etc. This process repeats
n times, as illustrated in Figure 1. This is equivalent to a collisional model [22–25] of an
open system, modelling interaction with a Markovian environment which has relaxation
time τ . During an rth cycle the joint system S ⊗Mr evolves under the Hamiltonian
2 n
FIG. 1. Quantum circuit illustrating time evolution of a system subject to repeated interaction with
n ancillae. ρs is the initial state of the system and ρmi , i = 1, ..., n – of the i
th ancilla. At each time
step of duration τ the system interacts with one of the ancilla, the latter decouples and is discarded.
Such a scenario is equivalent to a repeated measurement performed on the system by n “meters”.
For identical ρmi , the ancillae are also equivalent to a Markovian environment with relaxation time
τ . In the limit τ → 0 the scenario describes continuous quantum interaction/measurement, or a
memoryless (collisional) model of the system’s environment.
Hˆsmr = Hˆ0 + g(t)HˆI = Sˆ0 + Mˆ0 + gr(t)Sˆ ⊗ Mˆ , (2.1)
where Sˆ0 acts on the system only, Mˆ0 – only on the ancilla and we thus call Hˆ0 := Sˆ0 +Mˆ0
the total free Hamiltonian, HI := Sˆ ⊗ Mˆ is the interaction Hamiltonian. The latter is
identical at each cycle: the same operators Sˆ and Mˆ act on S and Mr for each r and
the interaction strength satisfies gr(t) = gr+1(t + τ), where supp(gr) = (tr, tr+1) and
tr+1 = tr + τ . After the r
th interaction the joint state of the system and the respective
ancilla reads
ρsmr(tr+1) = Uˆ r(τ)ρsmr(tr)Uˆ
†
r(τ) , (2.2)
where
Uˆ r(τ) = T exp
(
− i
~
∫ tr+τ
tr
Hsmr(t)dt
)
. (2.3)
5For each interaction we assume the same initial state of the ancilla and as a result the
final state of the system is described by n iterations of a superoperator V(τ)[ρs] :=
TrM{Uˆ(τ)(ρˆs ⊗ ρˆm)Uˆ †(τ)}, where TrM denotes the partial trace over the ancilla degrees
of freedom, and ρm is the initial state of the ancilla. We are interested in the dynamics of
ρs in the limit of a continuous interaction, given by
n→∞, τ → 0, such that lim
n→∞,τ→0
nτ = T, (2.4)
where T is a fixed (and finite) time interval. Given the initial state of the system ρs(0),
the state at time T is fully described by the map:
ρs(T ) = lim
n→∞V
n
(
T
n
)
[ρs(0)] , (2.5)
which is completely positive and trace preserving, but in general not unitary. The result-
ing dynamics in the continuous limit gives rise to a Markovian master equation, which we
derive next.
If the interaction strength gr(t) is continuous and differentiable in the interval (tr, tr+τ),
the mean value theorem allows to obtain∫ tr+1
tr
Hˆsm dt = (Hˆ0 + g¯HˆI)τ, (2.6)
where g¯= 1τ
∫ tr+τ
tr
gr(t) dt and the Hamiltonian Hˆ := Hˆ0 + g¯HˆI is time independent. Under
certain restrictions on the interaction strength gr(t), outlined in Appendix A, we can write
the density matrix at a time tr as
ρˆs(tr) =
(
Iˆ +
∞∑
m=1
Pm
)
[ρˆs(tr−1)] , (2.7)
where Pm is the super-operator consisting of m commutators:
Pm[ρˆs(tr)] = 1
m!
(
− iτ
~
)m
〈[Hˆ, [Hˆ, [..., [Hˆ, ρˆs(tr−1)]]]]〉Mr , (2.8)
where 〈A〉Mr denotes the trace over the degrees of freedom of the rth-ancilla. Note that
Eq. (2.7) holds in particular for symmetric in time switching functions, e.g. modelling
interactions that are constant in time, and applies to typical scenarios involving photons,
but also to toy models of gravitons in the recent gravitational decoherence models [16–18]
6– where we aim to apply results of this work. Using Eq.(2.8) to expand (2.7) yields
ρs(tn) = ρs(tn−1)− i~τ [Sˆ0 + g¯〈Mˆ〉Sˆ, ρs(tn−1)] +
iτ2
2~2
g¯〈i[Mˆ, Mˆ0]〉[Sˆ, ρs(tn−1)] +
− τ
2
2~2
(
[Sˆ0, [Sˆ0, ρs(tn−1)]] + g¯〈Mˆ〉[Sˆ, [Sˆ0, ρs(tn−1)]] + g¯〈Mˆ〉[Sˆ0, [Sˆ, ρs(tn−1)]]
)
+
− τ
2
2~2
g¯2〈Mˆ2〉[Sˆ, [Sˆ, ρs(tn−1)]] + · · · (2.9)
where 〈Mˆk〉 ≡ TrM{Mˆkρm} for k ∈ N. Note that i[Mˆ, Mˆ0] is a Hermitian operator which
can contribute to the effective unitary evolution of the system (see Sec. II C). Analogous
terms appear also at higher orders, and we discuss their potential contributions to the final
master equation in Appendix A. The equations of motion for the system at time T are
finally obtained from
ρ˙s(T ) = lim
τ→0,n→∞
ρs(tn)− ρs(tn−1)
τ
. (2.10)
Equations (2.9) and (2.10) define a general quantum master equation that describes the
effect of repeated interactions with ancillae on the reduced state of the system. While such
collisional models are well studied in the context of open quantum systems and decoherence
(see e.g. refs. [24, 25]), the scope of the present work is to analyze the types of unitary
contributions effectively arising in such models and to quantify their strength relative to
the noise.
Equivalently, a repeated interaction of the form g¯Sˆ ⊗ Mˆ describes a repeated measure-
ment of the observable Sˆ on the system made by the ancillae. The ancillae play the role of
“meters” (measuring apparatus) whose “pointer states” span a basis conjugate to the basis
of the eigenstates of Mˆ . The limit in Eq. (2.4) corresponds to a continuous measurement
made over time T . Note, that since we work with a collisional model, we shall not consider
measurement channels that have no short-time expansion.
The types of dynamics arising from such a continuous measurement in general depend
on the interaction strength g(t), the relation between the free and the interaction terms
in the total Hamiltonian Eq. (2.1) and on the state of the ancillae. We shall discuss the
different possibilities in the following section.
A. Exact unitary evolution
For an arbitrary initial state of the system the evolution under the Hamiltonian (2.1)
is exactly unitary if and only if: (i) the initial state of the ancilla is supported on a linear
subspace HM of eigenstates of Mˆ with a common eigenvalue and (ii) the subspace HM
is invariant under Mˆ0. This is an analogous condition to the one derived in the context
of decoherence free subspaces [29] or error correction [33], with the crucial difference that
7here we present conditions on the state of the ancillae, rather than the system. The proof
is sketched in Appendix B.
The conditions above, and the proof, naturally extend to the most general case of a
bipartite interaction
∑L
i=1 giSˆi⊗ Mˆ i. The evolution of the system is exactly unitary if the
joint state of the system and ancilla is supported on a subspace where the total Hamiltonian
can be written in block-diagonal form, where the system is in a joint eigenstate of a subset
of operators Sˆj , with the corresponding eigenvalues sj , and the ancilla is in an eigenstate of
the operators Mˆk in the remaining interaction terms, with eigenvalues mk. The interaction
then effectively reads
∑
j gjsjMˆ j +
∑
k gkmkSˆk. One also further requires that the free
dynamics of the system and the ancilla preserve the above eigensubspaces. This generalizes
the results discussed in [29] to an arbitrary interaction. The case of a general interaction,
for a non-factorizable initial state, has also been studied in [34].
From the viewpoint of the measurement interpretation of interactions such a scenario
is somewhat unusual, since the allowed states of the system are constrained to a specific
subspace (with the exception of a single interaction term, when only the state of the ancilla
is constrained). The measurement interpretation can still be applied in the sense that time
evolution of the measurement apparatus (ancillae) depends on the state of the system – it
is given by a Hamiltonian hˆm = Mˆ0 +
∑
j gjsjMˆ j . Analogously, the system evolves under
the Hamiltonian hˆs = Sˆ0 +
∑
k gkmkSˆk. The system’s evolution is therefore on the one
hand “interaction-free” – exactly unitary – and on the other, it still depends on the state
of another system, through the eigenvalues mk.
B. Effective unitarity
Unitary evolution of a system interacting with some environment typically emerges only
as an approximate description – when one assumes finite precision of any measurements
made on the system to probe its dynamics. The quantitative condition for such an effective
unitarity is that the terms ∝ τk for k ≥ 2 in Eq. (2.9) remain small compared to the first
order ones, which is the case if
lim
τ→0
τkg¯k〈Mˆk〉
τ g¯〈Mˆ〉 = 0 , k = 2, 3, · · · (2.11)
These conditions are not automatically satisfied because the quantities 〈Mˆk〉 are moments
of an in principle arbitrary probability distribution over the eigenstates of Mˆ defined by the
state of the ancilla1. If these conditions are met, from Eqs. (2.9) and (2.10) the following
1 For finite-dimensional systems the number of independent moments is of course finite, as well as for
continuous variable systems in e.g. a Gaussian state, which yields distribution with only two independent
moments.
8master equation is obtained2
ρ˙s = − i~ [Sˆ0 + ΞSˆ, ρs], (2.12)
where we defined
Ξ := lim
τ→0
g¯〈Mˆ〉. (2.13)
The system is effectively subject to an external potential ΞSˆ induced by the interactions
and evolves approximately unitarily under an effective Hamiltonain Hˆeff = Sˆ0 + ΞSˆ. The
latter entails that in this regime the system-ancilla interaction is non-entangling.Similar
results have been found in the context of classical control theory of quantum systems [35],
where the system interacts with ancillae that are themselves an open quantum system. The
effective Hamiltonian Hˆeff and the Hamiltonian in the case of the exact unitary dynamics
hˆs, Sec. II A, have the same general structure but the key difference is that Hˆeff is valid
only approximately, while hˆ holds exactly but only for a particular state of ancillae.
From the viewpoint of the measurement interpretation, the regime of effective unitarity
is tantamount to a limiting case of a weak measurement (or unsharp measurement [5]) –
where the interaction between the system and the measuring apparatus is non-negligible
only to lowest order. Decoherence induced by such a measurement is vanishingly small, but
so is the information about the system that could be gained from the apparatus, since each
of the ancillae only evolves by a global phase – as expected from general complementarity
relations between information gain and state disturbance [36].
An effective unitary evolution is a generic feature of a weak interaction regime: for
limτ→0 τ g¯ = 0 and a generic state of the ancilla – with fixed but arbitrary moments 〈Mˆk〉
– the reduced state of the system evolves according to Eq. (2.12). In this regime higher
order corrections in τ g¯ can be made arbitrarily small by taking a suitably short time step
τ (and therefore can be neglected provided that all subsequent measurements have finite
resolution).
Importantly, effective unitarity can also emerge in the strong interaction regime – which
we model by taking limτ→0 τ g¯ = C with C = 1 for simplicity3 – for specific states of the
ancillae. The conditions in Eq. (2.11) now reduce to limτ→0〈Mˆk〉/〈Mˆ〉 → 0, and we also
need to ensure that Ξ stays finite. An example of a suitable ancillae state is a Gaussian
distribution over the eigenvalues of Mˆ with mean ατ and variance βτ , where α, β are fixed
parameters. The effective potential arising from this example is αSˆ.
2 Terms containing at least one Mˆ0 or Sˆ0 in Eq. (2.9) automatically have the required limiting behaviour:
the expressions ∝ τk with g¯k′ for k′ < k are small compared to lower order ones, ∝ τk′ g¯k′ , in the limit
τ → 0.
3 For any value of τ a function gr satisfying limτ→0 τ g¯ = 1 can be obtained from any suitably normalised
family of functions that converge to a Dirac delta distribution.
9C. Quantum Zeno effect
When at least one of the conditions in Eq. (2.11) is not satisfied, the reduced dynamics
of the system is not unitary. This can arise both in weak or strong interaction regimes,
depending on the state of the ancillae. We first focus on the regime of strong interactions,
where non-unitarity will be shown to be a generic feature.
As in the section above, the strong interaction regime is understood as limτ→0 τ g¯ = 1.
We consider a generic state of the ancillae, where the moments 〈Mˆk〉 are in principle
arbitrary but fixed, independent of τ . The terms ∝ τkg¯k in Eq. (2.9) will then dominate
over all others, and remain non-negligible in Eq. (2.9) for arbitrary high k. Summing them
all and denoting the magnitude of an arbitrary matrix element of the system (in the basis
of Sˆ) by ρij := |〈si |ρ| sj〉|, where Sˆ| si〉 = si| si〉, yields
ρ˙ij = ρij lim
τ→0
1
τ
(
|〈e−i
∆sijMˆ
~ 〉| − 1
)
, (2.14)
with ∆sij := si − sj . The right hand side remains finite only in two cases: for diagonal
elements of the system, ρii, or for the ancilla in an exact eigenstate of Mˆ . For a generic
state of the ancilla the suppression of the off-diagonal elements of the system becomes
“infinitely” fast. More precisely, 〈e−i
∆sijMˆ
~ 〉 is a characteristic function of the probability
distribution over the eigenvalues of Mˆ defined by the state of the ancilla, and the moments
of this distribution characterize the rate of decoherence. For a particular example of a
Gaussian distribution 〈e−i∆sMˆ~ 〉 = e−i∆s〈Mˆ〉~ e−∆s
2σ2
2~2 where we set ∆s ≡ ∆sij for simplicity,
and where σ =
√
〈Mˆ2〉 − 〈Mˆ〉2 is the variance of Mˆ , an exact solution to Eq. (2.14) reads
ρij(t) = ρij(0) lim
τ→0
e−
t
τ
(1−e−σ2∆s2/2~2 ), (2.15)
for i 6= j. Approximating (2.15) yields
ρij(t) ≈ ρij(0) lim
τ→0
(1− σ
2∆s2
2~2
t
τ
), (2.16)
to first non-vanishing order in σ. Eq. (2.16) is a generic result at this order – valid for any
state of ancilla when keeping up to second moments of its distribution.
In this regime, the interaction g¯Sˆ ⊗ Mˆ is diagonalizing the system in the eigenbasis of
Sˆ at an arbitrarily fast rate ωD ≈ limτ→0 σ2∆s22~2τ . Unitary evolution, stemming from the
typically leading order term ∝ 〈Mˆ〉[Sˆ, ρ], becomes irrelevant – it only acts non-trivially on
the off-diagonal elements, but these are “instantaneously” suppressed. From the viewpoint
of the measurement-interpretation, this “infinite” decoherence is simply the QZE effect:
the measurements become repeated infinitely often (τ → 0) and projective (interaction
strength diverges, g¯ ∝ 1/τ) and the system “freezes” in the measurement basis.
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Finally, note that the reduced dynamics of the system is non-unitary – is discontinuous
– even for ancillae in an eigenstate of Mˆ (with a non-zero eigenvalue), since ρ˙ is then
divergent. If only finite-precision measurements can be made on the system, decoherence
and the QZE will arise also in that case. Superposition states of the system will accumulate
a relative phase at a divergent rate ∝ limτ→0〈M〉∆s/τ and thus any coarse-graining will
entirely suppress their coherence. Furthermore, assuming finite precision in the preparation
of the ancillae (any non-vanishing variance) decoherence will always be non-negligible in
the strong interaction case – and in this sense is a generic feature of the strong interaction
regime.
QZE has been realized with continuous (as well as pulsed) measurements e.g. with Bose-
Einstein condensates [37], and has been theoretically studied in a number of contexts,
including freezing the evolution of a two-level Jaynes-Cummings atom interacting with
a resonant cavity mode [38], controlling decoherence [39] producing effective hard-core
repulsions in cold atomic gases [40, 41], preparing and stabilizing the Pfaffian state in
rotating harmonic traps loaded with cold bosonic atoms [42], and inducing topological
states of fermionic matter via suitably engineered dissipative dynamics [43].
D. Finite decoherence
We now consider conditions under which only terms up to second order remain rele-
vant. The model of repeated measurements reduces then to the usual Born-Markov master
equation [7]. In analogy to Ξ defined in Eq. (II B) we introduce
Γ := lim
τ→0
τ g¯2〈Mˆ2〉 , M˜ := lim
τ→0
g¯〈i[Mˆ, Mˆ0]〉
2~
, (2.17)
and assume that all higher order terms vanish in the considered limit (see also Appendix
A). This is indeed the case e.g. (a) in a strong interaction regime (limτ→0 τ g¯ = 1) for
ancillae in a Gaussian state with mean Ξτ and variance σ =
√
Γτ − (Ξτ)2; (b) in a weak
interaction regime (fixed g¯) and ancillae in a Gaussian state with fixed 〈Mˆ〉 and 〈Mˆ2〉 =
Γ/τ . Importantly, both in (a) and (b) the quantities Ξ, Γ remain finite in the limit τ → 0.
Eqs. (2.9), (2.10), (2.17) yield the following master equation
ρ˙(t) = − i
~
[Sˆ0 + (Ξ− M˜)Sˆ, ρ]− Γ
2~2
[Sˆ, [Sˆ, ρ]], (2.18)
which features two different second order contributions: The term M˜ contributes to the
unitary system dynamics and simply adds to the effective potential already present in
Eq. (2.12), and a non-unitary term − Γ
2~2 [Sˆ, [Sˆ, ρ]], which results in decoherence at a finite
rate. For the example (a) above, the off-diagonal elements of the system are suppressed
according to
ρij(t) ≈ ρij(0)(1− Γ∆s
2
2~2
t), (2.19)
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(neglecting Sˆ0 for simplicity) in agreement with Eq. (2.16). Decoherence vanishes provided
that Γ = 0 (implying Ξ = 0) i.e. for an exact eigenstate of Mˆ with the eigenvalue 0, in
agreement with the condition found in the QZE case (since the mean in the present example
vanishes faster than the variance, unless 〈Mˆ2〉 ≡ 0).
The regime where Eq. (2.18) applies and finite decoherence is observed corresponds to
the typical case of continous weak measurements: the interactions between the system and
the measuring apparatus are finite but the contributions stemming from Γ are considered
non-negligible. In that context one often considers ancillae with trivial free evolution,
M˜ = 0. The ensuing system dynamics features finite decoherence, due to noise introduced
by the measurements, but with no modifications to the unitary part.
As an exemplary application of the above, for a strong interaction and a particular
choice of operators: Mˆ0 = 0, Mˆ = pˆ (momentum operator of the ancillae), Sˆ = xˆ (po-
sition operator of the system), and for a Gaussian state of the ancilla with 〈Mˆ〉 = 0 and
〈Mˆ2〉 = τ/D, where D is a fixed parameter, our Eq. (2.18) reduces to a continuous position
measurement derived in ref. [44].
III. CONTINUOUS MEASUREMENT OF MULTIPLE OBSERVABLES
Here we generalize our discussion to the case when several observables are repeatedly
measured on the system. This situation can be accommodated by considering that each
interaction in Sec. II is composed of p sub-interactions, each of duration τ ′ = τ/p, as shown
in Figure 2. The total Hamiltonian in the rth cycle, Eq. (2.1), now generalizes to
2 p
FIG. 2. Quantum circuit illustrating time evolution of a system S during the first cycle of a repeated
interaction with the ancillae. During each cycle, the system is subject to a sequence of p different
interactions with the same meter. All the subsequent cycles have the same structure.
Hˆ(p)smr = Hˆ0 +
p∑
i=1
gi(t)HˆIi = Sˆ0 + Mˆ0 +
p∑
i=1
gi(t)Sˆi ⊗ Mˆ i. (3.1)
The operators Sˆ0, Sˆi, i = 1, ..., p act only on S, and Mˆ0, Mˆ i act on the rth ancillae, gi(t) is
the switching function, now supported in the ith sub-step (of length τ ′), continuous in the
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interval where applied. The density matrix of the joint system at time tr+1 is given by
ρsm(tr+1) =
1∏
i=p
Uˆ i(τ
′)ρsm(tr)
p∏
i=1
Uˆ i(τ
′)† , (3.2)
where Ui(τ
′) = e−
i
~
∫ tr+τ ′
tr
(Hˆ0+gi(t)HˆIi )dt. We apply the mean value theorem, as in Eq. (2.6),
and define g¯i =
1
τ ′
∫ τ ′
0 gi(t)dt. Expanding Eq. (3.2) in powers of τ at time tn and tracing
over the ancillae degrees of freedom gives
ρ(tn) = ρ−
p∑
i=1
{
i
~
τ ′[Sˆ0 + g¯i〈Mˆ i〉Sˆi, ρ] +
− τ
′2
2~2
i∑
j=1
(2− δij)
[
[Sˆ0, [Sˆ0, ρ]] + g¯j〈Mˆ j〉[Sˆ0, [Sˆj , ρ]] + g¯i〈Mˆ i〉[Sˆi, [Sˆ0, ρ]] + g¯i〈[Mˆ i, Mˆ0]〉[Sˆi, ρ]
+
g¯ig¯j
2
(
〈[Mˆ i, Mˆ j ]〉[Sˆi, Sˆjρ+ ρSˆj ] + 〈{Mˆ i, Mˆ j}〉[Sˆi, [Sˆj , ρ]]
)]}
· · · , (3.3)
where {Aˆ, Bˆ} := AˆBˆ + BˆAˆ and ρ ≡ ρ(tn−1). Equation (3.3) generalises Eq. (2.9) to the
series of p repeated measurements. It introduces a new type of term
〈[Mˆ i, Mˆ j ]〉[Sˆi, Sˆjρ+ ρSˆj ], (3.4)
which can contribute to the unitary part of the system dynamics. In particular, it can
allow for feedback control of the system, discussed in Sec. III C.
A. Exact and effective unitarity
The conditions for exact unitary evolution of the system under arbitrary bipartite in-
teractions with ancillae were discussed in Sec. II A and they thus apply also to the present
case, where the different interactions are applied sequentially.
The conditions for effective unitarity, Eq. (2.11), directly generalize to the series of
interactions. The resulting effective dynamics reads
ρ˙(t) = − i
~
[Sˆ0 +
1
p
p∑
i=1
ΞiSˆi, ρ(t)], (3.5)
where
Ξi := lim
τ ′→0
g¯i〈Mˆ i〉. (3.6)
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This is a straightforward generalization of Eq. (2.12). The examples of interaction strengths
and ancilla states discussed in Sec. II B apply to the present case as well. Thus, for multiple
measurement/interactions effective unitary dynamics are also a generic feature of a weak
interaction regime, τ g¯i → 0 for i = 1, ..., p, but can also arise in the strong interaction
regime for τ -dependent state preparation of the ancillae.
B. Generalized QZE
Here we consider the case when arbitrary high order terms contribute to the re-
duced dynamics of the system. Such situation arises in the regime of strong interactions,
limτ→0 τ ′g¯i = 1, i = 1, 2, for a generic state of the ancillae. For clarity, below we restrict
to p = 2 sub interactions.
In a full analogy to the QZE discussed in Sec. (II C), the free evolution can be neglected
compared to the interaction terms. Thus, the time evolution of the matrix elements of the
system reads
ρ˙ij = lim
τ→0
1
τ
(
|Trm{〈si |e−i τ
′
~ g¯2Hˆ
I
2e−i
τ ′
~ g¯1Hˆ
I
1ρm ⊗ ρei τ
′
~ g¯1Hˆ
I
1ei
τ ′
~ g¯2Hˆ
I
2 | sj〉}| − ρij
)
. (3.7)
As an illustrative example one can consider a repeated measurement of the same operator
on the system Sˆ2 = Sˆ1 ≡ Sˆ via two conjugate operators for the ancilla [Mˆ2, Mˆ1] = i~.
Eq. (3.7) then reduces to
ρ˙ij = ρij lim
τ→0
1
τ
(
|〈e−i
∆sijMˆ
′
~ 〉| − 1
)
(3.8)
which is just (2.14) for Mˆ ′ := τ ′g¯1Mˆ1+τ ′g¯2Mˆ2. Another simple example is when conjugate
observables are measured on the system (i.e. [Sˆ2, Sˆ1] = i~) via the same ancilla operator
Mˆ1 = Mˆ2 ≡ Mˆ . Eq. (3.7) then reads
ρ˙i′j′ = ρi′j′ lim
τ→0
1
τ
(
|〈e−i
∆s′ijMˆ
~ 〉| − 1
)
, (3.9)
where the off-diagonal elements are taken in the eigenbasis of Sˆ′ := τ ′g¯1Sˆ1+τ ′g¯2Sˆ2, defining
ρi′j′ := 〈s′i |ρ| s′j〉 where Sˆ′| s′i〉 = s′i| s′i〉 and ∆s′ij = s′i − s′j . In the most general case the
decoherence basis is established from the full expression
e−i
τ ′
~ g¯2Hˆ
I
2e−i
τ ′
~ g¯1Hˆ
I
1 = e−i
τ ′
~ (g¯1Hˆ
I
1+g¯2Hˆ
I
2)− 12 τ
′2
~2 g¯1g¯2[Hˆ
I
2,Hˆ
I
1]+··· .
Decoherence rates in this regime are again (cf. Sec. II C) formally divergent.
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C. Feedback
Next we analyze conditions under which only terms up to second order contribute to
the system dynamics. At the end of this section we discuss sufficient conditions for the
emergence of feedback-control from the repeated measurement model.
To simplify the notation, along with Ξi, Eq. (3.6), we define
Γij := lim
τ ′→0
1
4
τ ′g¯ig¯j〈{Mˆ i, Mˆ j}〉 M˜ij := lim
τ ′→0
1
4~
τ ′g¯ig¯j〈i[Mˆ i, Mˆ j ]〉 . (3.10)
From the Eqs. (2.10) and (3.3) (with τ = 2τ ′) we obtain a general master equation for a
system subject to two sequential measurements:
ρ˙(t) = − i
~
[Sˆ0 + (
1
2
Ξ1 − M˜10)Sˆ1 + (1
2
Ξ2 − 3M˜20)Sˆ2, ρ] + i~M˜12[Sˆ2, Sˆ1ρ+ ρSˆ1] +
− 1
2~2
∑
i=1,2
Γii[Sˆi, [Sˆiρ]]− 1~2 Γ12[Sˆ2, [Sˆ1, ρ]]), (3.11)
where in defining M˜10, M˜20 we introduced the convention g¯0 ≡ 1.
We now discuss how coherent feedback can result from the terms ∝ M˜12. Note that
the first measurement Sˆi ⊗ Mˆ i induces a translation of the state of the ancillae in the
basis complementary to the eigenbasis of Mˆ i. The magnitude of this translation depends
on the state of the system (on its Sˆi-eigenvalue). The resulting state of the ancillae then
determines the effective potential which arises for the system from the next interaction
Sˆj ⊗ Mˆ j . Thus, for a suitable choice of the interactions and the state of the ancillae, an
operation on the system is effectively performed that depends on its quantum state – that
is coherent feedback [5, 6, 32, 45]. This makes clear why a necessary condition for feedback
is [Mˆ i, Mˆ j ] 6= 0. A sufficient condition is related with the question whether feedback is
possible without introducing some decoherence. The answer is negative in the present
model of ancillae. The reason is that the feedback term i~M˜12[Sˆ2, Sˆ1ρ+ ρSˆ1] is at most of
the same order as the decoherence terms − 1
2~2
∑
i=1,2 Γii[Sˆi, [Sˆiρ]] – a direct consequence
of the inequality
〈(g¯1Mˆ1 − ig¯2Mˆ2)(g¯1Mˆ1 + ig¯2Mˆ2)〉 ≥ 0. (3.12)
Therefore, independently of the weak or strong interaction regime, the state of ancillae or
the repetition rate of the measurements, with the present model of ancillae-system inter-
actions, feedback-control of the system cannot be realized without introducing dissipation
lower bounded according to Eq. (3.12). See also refs. [46, 47] for a comparison between
coherent quantum feedback and the measurement-based feedback.
An example of a feedback-enabled control of a quantum system is a restoring force
resulting from a quadratic potential ∝ Sˆ21 . It can be achieved by taking Sˆ2 ∝ Sˆ1 in
the model (3.11). More generally, feedback can take the form of a dissipative force, for
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Sˆ2 ∝ Sˆ1 + βOˆ for [Oˆ, Sˆ1] 6= 0. Taking canonically conjugate pair of ancillae operators
[Mˆ i, Mˆ j ] ∝ iI, results in feedback-control that is independent of the state of the ancillae.
Eq. (3.11) is valid when the quantities Ξi, Γij , M˜ij remain finite in the limit τ
′ → 0, while
contributions from higher moments vanish. A particular example of the ancillae state and
operators that satisfy these conditions is a series of weak continuous position measurements
first given in ref. [44], see also Appendix C. In this case, a harmonic potential arises as
feedback and the accompanying decoherence keeps the momentum of the system finite.
Experimental realization of feedback-control has been achieved with various systems, e.g.
in cooling of optomechanical devices [48], trapped ions [49] or single atoms [50].
Finally, a tacit assumption was made in the above: that only measurements that are lin-
ear in the system operators can be realized by the ancillae. Relaxing this assumption would
allow for noise-free feedback in the following sense: If an arbitrary measurement/interaction
was allowed – of the form Vˆ ⊗ Mˆ , for arbitrary Vˆ – one could induce an arbitrary poten-
tial term ∝ 〈Mˆ〉Vˆ already in the regime of effective unitarity, Sec. III A. For example, a
quadratic potential arising due to weak measurement of the system position xˆ in ref. [44]
could be implemented unitarily if the ancillae would measure directly xˆ2. We note, how-
ever, that many experimental schemes (including optical devices [51], mechanical oscillators
[52], atomic ensembles [53]) indeed allow only for such linear measurements/interactions.
IV. MEASUREMENT-INDUCED DYNAMICS FOR COMPOSITE SYSTEMS
Here we consider the scenario from a previous section, but for a composite system. We
allow that the different subsystems can have different interactions with the ancillae. We
restrict our attention to a bipartite system subject to two continuously repeated interac-
tions/measurements.
For a system comprising subsystems s1, s2 the system operator describing the i
th inter-
action in Eq. (3.1) most generally can be written as
Sˆi =
∑
j
cjSˆ
s1
i,j ⊗ Sˆs2i,j , (4.1)
with real coefficients cj , and where Sˆ
s1(2)
i,j is an operator acting on subsystem s1(2). As in
the previous section, we are looking for a continuous limit of a protocol whose one step
of duration τ is composed of two sub-steps, each of length τ ′ = τ/2. Thus, the master
equation for such a case can directly be obtained from Eq. (3.3) for system operators given
in Eq. (4.1), and where the density matrix describes the state of both subsystems.
The discussions in Sec. III of the various regimes: unitarity (exact and approximate),
QZE effect, finite decoherence, directly applies here. However the physical meaning of
terms describing the induced potential, feedback, and decoherence is different: Since the
operators Sˆi connect different subsystems, in general they entail emergence of interactions
between them. Moreover, the decoherence basis will in general not be a product of the
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bases of the subsystems – they can decohere into correlated states. This follows from the
discussion of the decoherence basis in the QZE case of Eq. (3.9) for system operators given
by Eq. (4.1).
Below we focus on a particular case where only bipartite interactions involving the
ancillae are allowed – i.e. the ancillae only interact with one subsystem at a time. This
assumption has been made in the gravitational case studied in refs. [16–18] – and is in fact
crucial for the main results reported therein, as we will show at the end of this section.
Under the above assumption the system operators describing the interactions take the
form:
Sˆ1 = Sˆ
s1
1 ⊗ Iˆ
s2
, Sˆ2 = Iˆs1 ⊗ Sˆs22 , (4.2)
where Iˆsi is the identity operator on the Hilbert space of subsystem si. Recall that Sˆ1 acts
in the first sub-step and S2 in the second. For simplicity, below we take Mˆ0 = 0 (since
Mˆ0 6= 0 would give terms analogous to those discussed in Sec. III B). The total Hamiltonian
acting during the entire rth interaction now reads
Hˆ(p)s1s2mr = Sˆ0 + g1(t)Sˆ1s1 ⊗ Iˆ
s2 ⊗ Mˆ1 + g2(t)Iˆs1 ⊗ Sˆ2s2 ⊗ Mˆ2, (4.3)
analogously to the case of a single system in Eq. (3.1). Operators Mˆi act on the ancillae
in the ith sub-step.
For the gravitational case it is natural to consider a symmetrized version of the above
scenario: a second ancillae is added, which interacts with s2 in the first sub-step and with
s1 in the second sub-step. However, since this only doubles the terms already resulting
from Eq. (4.3) we defer the presentation of the symmetric case to the appendix D. In
general, we can visualize the resulting process through the circuit in Figure 3.
FIG. 3. Composite system comprising subsystems s1, s2 prepared in the states ρ
s1 , ρs2 interacting
with ancillae m1,m2, initially in the states ρ
m1 , ρm2 . If each ancillae interacts with only one sub-
system at a time, the resulting effective interaction between the subsystems is always accompanied
by decoherence.
From the Hamiltonian in Eq. (4.3), and with Ξi,Γij , M˜ij defined in Eqs. (3.6),(3.10)
we obtain the master equation for a composite system under two consecutive continuous
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measurements:
ρ˙s1,s2(T ) = − i
~
[Sˆ0 +
∑
i=1,2
1
2
ΞiSˆ
si
i , ρ
s1,s2 ] +
i
~
M˜12[Sˆ
s2
2 , Sˆ
s1
1 ρ
s1,s2 + ρs1,s2Sˆs11 ] +
− 1
2~2
∑
i=1,2
Γii[Sˆ
s1
i , [Sˆ
si
i ρ
s1,s2 ]]− 1
~2
Γ12[Sˆ
s2
2 , [Sˆ
s1
1 , ρ
s1,s2 ]]), (4.4)
where ρs1,s2 is the joint state of s1, s2. Note, that this is a particular case of Eq. (3.11) for
the system operators defined in Eq. (4.2).
We find in Eq. (D3) terms that are similar to those in Eq. (3.11) for the single-system
case. The terms ∝ Ξi describe effective potentials contributing to the unitary development
that can arise with negligible decoherence, see Sec.III A. The terms ∝ Γii are decoherence
terms for each subsystem. The term ∝ Γ12 in Eq. (D3), analogous to the corresponding
term in Eq. (3.11), expresses the fact that the decoherence basis in general is given by
some combination of the operators acting on the system in the different sub-steps. Note,
however, that for to the operators in Eq. (4.2), the resulting decoherence basis is still of a
product form. The term ∝ M˜12, which more explicitly reads
∝ g¯1g¯2〈[Mˆ2, Mˆ1]〉[Sˆs22 , Sˆs11 ρs1,s2 + ρs1,s2Sˆs11 ], (4.5)
is analogous to the feedback term in Eq. (3.4). However, the terms in Eq. (4.5) connect two
subsystems and they thus introduce effective interactions that can generate forces between
them. The example of an approximately Newtonian interaction first derived in ref. [16] is
presented in Appendix D.
For the bipartite system-ancillae measurements, Eq. (4.2), the effective interactions can
only arise at the second (or higher) order. As a result, the interactions terms are not
larger than the decoherence terms arising from the double commutators, in full analogy to
the case of feedback. The interactions are also lower-bounded by decoherence in the same
way as feedback, as a consequence of the same inequality (3.12). In fact, these effective
interactions can also be interpreted as feedback: the result of a measurement made by an
ancillae on one system determines the strength of the effective potential acting on another
system, which interacts with the same ancillae.
However, the conclusion about the necessary noise does not arise if one allows more gen-
eral measurements. A particular example is that of measurements realized simultaneously
on both subsystems, described by system operators in Eq. (4.1). In such a case the poten-
tial terms in Eq. (D3) would read ∼ Ξi
∑
j cjSˆ
s1
i,j ⊗ Sˆs2i,j and could induce interactions even
entangling the two systems. With such measurements the interaction terms could arise in
the regime of effective unitarity, Sec. III A, and would thus differ from the feedback schemes
where the conditional state exhibits entanglement or where non-unitary terms are present
[5, 6, 45, 54, 55]. The above assumption regarding interactions, and its role, is fully analo-
gous to the linearity assumption in the case of feedback discussed at the end of Sec. III C.
Finally, we note that the above scheme differs from measurement-induced entanglement
18
generation, where quantum correlations are created between systems interacting with a
common environment by post-selecting on a particular state of the environment [56–59].
(Here, the environment is assumed to be inaccessible and is always averaged over.)
V. DISCUSSION
The very simple approach we have applied highlights several key aspects of the for-
malism. First, it stresses that a system subject to a repeated measurement/interaction
with ancillae can still evolve unitarily or be subject to decoherence depending on the state
of the ancillae, interaction strength and repetition rate (relaxation time of the environ-
ment). Second, in linear systems and under only bipartite system-ancillae interactions, the
emergence of feedback-control and of induced interactions, respectively, is accompanied by
a finite amount of decoherence, lower bounded by the magnitude of the induced unitary
terms. However, decoherence can be made arbitrarily low if more general interactions with
the ancillae are permitted. For inducing interactions between different systems this would,
however, require non-local (multipartite) interactions.
Our approach has implications for generating gravitational interactions and gravita-
tional decoherence. It has recently been shown that decoherence terms first introduced
ad-hoc in gravity-inspired models such as [20], could be derived from repeated interactions
with the ancillae together with an approximately Newtonian interaction [16, 18]. The in-
triguing aspect of this relation is that those two approaches are aimed at enforcing distinct
notions of classicality. In decoherence models the desired classical regime is that where
large spatial superpositions of massive systems are suppressed. Whereas in recent works,
the notion of classicality is applied to interactions [13], the classical regime being under-
stood as eliminating the ability of interactions to generate entanglement. The approach of
the present work can help clarify the extent to which these two notions of classicality have
common consequences.
It would be quite remarkable if the exact Newtonian or post-Newtonian interaction
could be reproduced from the repeated-measurements model. The resulting theory could
be seen as a toy-model for quantum gravitational degrees of freedom – constructed not by
quantizing their classical dynamics but by reconstructing the effective forces they generate.
To this end, one would need to retain higher order terms than just first and second moments
of the ancillae distribution (see appendix C). Our approach suggests a viable route in
this direction: one can ask whether a physical state of the ancillae exists that will have
higher order non-vanishing moments such that the resulting unitary corrections to the
system dynamics would sum to the Newtonian potential4. As a further step one could
extend the present approach beyond Markovian processes [60, 61] by incorporating, for
example, initially correlated ancillae [62], interactions between the ancillae [63] or initially
4 For example, a skew Gaussian distributions have three independent moments. One can begin by asking
what dynamics emerges if ancillae are prepared in such a skew-Gaussian state? Can one reconstruct a
third-order approximation to the Newtonian potential within the measurement-based approach?
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correlated system-ancillae states [64] – particularly desirable for modelling gravitational
degrees of freedom. Finally, instead of constructing a classical channel from quantum
degrees of freedom, one could ask if an entangling channel can arise from interactions
with the ancillae in a scenario where the reduced state of the ancillae can nevertheless be
described classically. The motivation here is that while the description of quantum states
of matter in a general, even curved, space-time is well understood [65], the problem lies in
giving a consistent quantization of the latter.
If it is indeed possible to generate general-relativistic gravity as an effective interaction
with ancillae, the resulting toy-model of quantum-gravitational degrees of freedom could
shed new light on the pernicious problems associated with quantum gravity. The above
questions and in particular the practical question of detection of the interaction-induced
decoherence and its implications for precision tests of gravity remain interesting subjects
for further study.
Departing from the main scope of the present work and allowing the ancillae to be
accessible to an experimenter, we can describe the state of the system conditioned on the
results of measurements performed on the ancillae. The resulting conditional dynamics
takes the form of a quantum filtering equation. Usually quantum filters are studied using
the quantum extension of the classical Ito calculus [5, 6, 45, 66]. In Appendix E we derive
such equations from our simple model, not only for the usual case of finite decoherence
(with feedback), but also for all other regimes discussed in the present work. We note that
the usual quantum filtering approach assumes that measurement results are describable as
a classical current and is thus less general than a fully quantum treatment, see e.g. [46, 47].
In simple cases, where collisional models can be understood in terms of averaging the
system dynamics over classical measurement outcomes, the two approaches are equivalent:
averaging over all measurement records in the quantum filter formulation reduces the results
to the unconditional evolution obtained in the main text.
VI. CONCLUSION
Repeated interactions in the continuum limit are equivalent to the formalism of con-
tinuous weak measurements or collisional model of open systems. This property can be
exploited to describe a broad range of phenomena, including QZE, feedback control of a
system, emergence of effective potentials or of an effective interaction between two systems
subject to a measurement by the same apparatus/interacting with the same environment.
Also “interaction-free interactions” can emerge from such a model – where evolution of
a system is exactly unitary but where parameters of its Hamiltonian still depend on the
quantum state of the ancillae with which it interacts.
The present approach provides a simple method for constructing collisional models of
open systems beyond the Born-Markov approximation – by considering ancillae states with
higher order contributing moments (as suggested in the Discussion section for recovery of
20
the exact Newtonian interaction). To this end, the model considered here requires taking
a probability distribution with the desired number of independent moments. The resulting
more general effective interactions can be beneficial in devising novel protocols for quantum
control or error-correction and in new toy-models of gravitational degrees of freedom.
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Appendix A: Magnus expansion and Higher order contributions
In this section we discuss the condition on the terms in the total Hamiltonian and the
switching function g(t) under which equation (2.7) holds.
1. Magnus Expansion
Consider now Eq.(2.3). Using time dependent perturbation theory we can write the
evolution operator as a series expansion (Dyson series)
Uˆ r(τ) = 1 +
∞∑
k=1
Pk(τ) , (A1)
where
Pk(τ) =
(
− i
~
)k ∫ τ
0
dt1 ...
∫ tk−1
0
dtkHsmr(t1) ...Hsmr(tk) . (A2)
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From now on we denote Pk to be of order δt
k. Equivalently, we can write the evolution
operator in Eq.(2.3) using the Magnus Expansion [67]
Uˆ r(τ) = exp(Ω(τ)) = 1 +
∞∑
k=1
1
k!
Ωk(τ) , (A3)
The terms in (A1) and (A3) can be related to each other if we write
Ω =
∞∑
m=1
(
− i
~
)m
Ωm , (A4)
where
Ω1 =
∫ τ
0
Hsmr(t1)dt1 ,
Ω2 =
1
2
∫ τ
0
dt1
∫ t1
0
dt2[Hsmr(t1),Hsmr(t2)] , (A5)
Ω3 =
1
6
∫ τ
0
dt1
∫ t1
0
dt2
∫ t2
0
dt3([Hsmr(t1), [Hsmr(t2),Hsmr(t3)]] + [Hsmr(t3), [Hsmr(t2),Hsmr(t1)]])
Note, that Ωk is also of order δt
k. Using this, one can show that
P1 = Ω1 ,
P2 = Ω2 +
1
2!
Ω21 , (A6)
P3 = Ω3 +
1
2!
(Ω1Ω2 + Ω2Ω1) +
1
3!
Ω31 .
Using Eqs.(A1) and (A6) we can then write the evolution operator to order δt2 as
Uˆ r(τ) = 1 +P1 +P2 = 1− i~Ω1 +
(
− i
~
)2
(Ω2 +
1
2!
Ω21) = 1−
i
~
Ω1− 1~2 Ω2−
1
2!~2
Ω21 . (A7)
If we now define
Ω˜1 =
1
τ
Ω1 , Ω˜2 =
1
i~τ
Ω2 , (A8)
We now can write the evolution operator as
Uˆ r(τ) = 1− iτ~ (Ω˜1 + Ω˜2)−
τ2
2!~2
Ω˜21 +O(τ3) . (A9)
Consider now the operator Ω˜1
Ω˜1 =
1
τ
∫ τ
0
Hsmr(t)dt = Hˆ0 + g¯HˆI = Hˆ , (A10)
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where where have used Eq.(2.6) and Hˆ is the Hamiltonian appearing in Eq. (2.8). It is
staightforward to show that Eqs.(2.7) and (2.8) are equivalent to an expansion of equation
(A9) in powers of τ that neglects terms of order δtk relative to terms of order (δt)k. The
net result is an expansion only in powers of Ωk1 ≈ (δt)k.
Terms of order δtk will contribute if the Hamiltonian does not commute with itself at
different times. For example, at order δt2 we find
Ω˜2 ∝ 1
2
∫ τ
0
dt1
∫ t1
0
dt2[Hsmr(t1),Hsmr(t2)] , (A11)
= [Hˆ0, HˆI ]
∫ τ
0
dt1
∫ t1
0
dt2[g(t2)− g(t1)] (A12)
which will vanish if either the free Hamiltonian commutes with the interaction part or if
the integrals of the switching functions are zero (if g(t) = g(τ − t) in one cycle, at this
order).
Finally, we note that by working in the interaction picture the Magnus expansion can
be avoided because all time dependence is in the switching function g(t), though it will
then be necessary to transform back to the Heisenberg picture at the end of the calculation.
If the time dependence is in the Hamiltonian operator itself then the Dyson and Magnus
expansions cannot be avoided, see e.g. [28] for a discussion of some of the resulting effects.
2. Higher order corrections
In the present scenario the parameter g¯ and the state of the ancillae can depend on τ .
Thus in order to obtain the correct master equation for the system we need to examine
which terms – from any order of expansion of the evolution superoperator (2.8) – can give
contribution of order τ , as per Eq. (2.10). We discuss this issue in detail below.
In general, order τk in the series (2.8)
1
k!
(
− iτ
~
)k
〈[Hˆ, [Hˆ, [..., [Hˆ, ρˆs]]]]〉M (A13)
contains terms with up to k commutators of Sˆ and Sˆ0 with ρˆs; the number of Sˆ operators
in the commutator will give the power of g¯ in the term. As an example, we consider
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potentially relevant terms of order k = 3:(
− iτ
~
)3
g¯3〈[HˆI , [HˆI , [HˆI , ρˆ]]]〉 =
(
− iτ
~
)3
g¯3〈Mˆ3〉[Sˆ, [Sˆ, [Sˆ, ρˆs]]] , (A14)(
− iτ
~
)3
g¯2〈[HˆI , [HˆI , [Mˆ0, ρˆ]]]〉 =
(
− iτ
~
)3
g¯2〈[Mˆ2, Mˆ0]〉[Sˆ, [Sˆ, ρˆs]] , (A15)(
− iτ
~
)3
g¯〈[Sˆ0, [HˆI , [Mˆ0, ρˆ]]]〉 =
(
− iτ
~
)3
g¯〈[Mˆ, Mˆ0]〉[Sˆ0, [Sˆ, ρˆs]] , (A16)(
− iτ
~
)3
g¯〈[HˆI , [Mˆ0, [Mˆ0, ρˆ]]]〉 =
(
− iτ
~
)3
g¯〈[Mˆ0, [Mˆ0, Mˆ ]]〉[Sˆ, ρˆs] , (A17)
(Note, that since free dynamics of the system is independent of τ no terms with only Sˆ0,
beyond the lowest order k = 1, will contribute.) The terms in Eqs. (A14-A17) may be of
order τ in specifically arranged scenarios. For example, consider the terms as in Eq. (A17)
for an arbitrary order k
g¯τk〈[Mˆ0, [Mˆ0, ...[Mˆ0, Mˆ ]]]〉[Sˆ, ρˆs] , (A18)
which has (k − 1) commutators between Mˆ0 and Mˆ . These terms vanish in the strong
coupling limit (limτ→0 τ g¯ = 1) but could survive for finite g¯, for example, if [Mˆ0, Mˆ ] = λMˆ .
(This may result in interesting dynamics, but we shall not consider such cases here.) Terms
of the form (A16) will not contribute, which follows from Eq. (2.17). Finally, terms with
k commutators as in Eq. (A14) will be of order
τkg¯m〈Mˆm〉 , (A19)
where 0 ≤ m ≤ k and m is the number of Sˆ-operators in the commutator. If the condition
in Eq. (2.11) is met, the terms τkg¯k〈Mˆk〉 (factor with k commutators of Sˆ and ρˆ) vanish
in the considered limit, but they do contribute in the strong interaction regime in the QZE
case as discussed in Sec. II C. Finally, let us note that in the case of ancillae implemented
in a massive particle with Mˆ0 ∝ pˆ2, which realises a position measurements on the system,
i.e. Mˆ = pˆ and Sˆ = xˆ, expressions like Eq.(A15)-(A17) and in particular all expressions in
Eq. (A18) for k ≥ 2 vanish. This is the case considered in Appendix C.
Appendix B: Exact unitarity
Here we sketch the proof of the conditions that guarantee exact unitary evolution of
a system whose dynamics is given in Eq. (2.9), discussed in Sec. II A. We repeat these
conditions here for the convenience of the reader: The evolution of the system is exactly
unitary if and only if (i) the initial state of the ancillae is supported on a linear subspace
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HM of eigenstates of Mˆ with a common eigenvalue and (ii) the subspace HM is invariant
under Mˆ0.
It follows from (i) that the total Hamiltonian (2.1) acting on the joint state of the
system and the ancilla can effectively be written as the sum of a term Hˆs(M) = Sˆ0 + g¯MSˆ
that acts only on the system (where M denotes the common eigenvalue of Mˆ for states in
HM ), and a term Mˆ0 that acts only on the ancilla. From (ii) we have that on the subspace
HM the operators Mˆ0, Mˆ commute. The evolution of the system thus factors out from
the evolution of the ancilla, although it is described by an ancilla-dependent Hamiltonian
Hˆs(M).
The proof of the necessary condition can be obtained as follows: A system evolves
unitarily if its time evolution solves the Heisenberg equation
ρ˙ = − i
~
[hˆ, ρ] (B1)
for some Hermitian operator hˆ. In particular, this means that to all orders in τ Eq. (2.9)
must agree order by order with a corresponding expansion of an equation of the form
ρ(tn) = Uˆh(τ)ρ(tn−1)Uˆ
†
h(τ) with Uˆh(τ) = exp(−iτ hˆ/~). For this to be the case we must
have (a): hˆ = Sˆ0 + g¯〈Mˆ〉Sˆ. Moreover, (b) for all k ∈ N we must have 〈Mˆk〉 = 〈Mˆ〉k, which
is equivalent to (i) – the state of the ancilla must be in an eigensubspace of Mˆ . Inspecting
terms of order τ3, we obtain a further condition (c): Tr{(MˆMˆ20−2Mˆ0MˆMˆ0+Mˆ20Mˆ)ρm} =
0. Using (i) and denoting by M the corresponding eigenvalue of Mˆ , condition (c) is equiv-
alent to MTr{Mˆ0ρmMˆ0} = Tr{MˆMˆ0ρmMˆ0}, that is Mˆ0 preserves HM . This completes
the argument.
Appendix C: Instantaneous position measurement and feedback-control
In this appendix we provide an example of Eq. (3.11) with specific operators satisfying
the limits (3.10). We take Sˆ0 =
pˆ2
2m as the free Hamiltonian of the system and Mˆ0 = 0
(trivial evolution of the meters). We take the first interaction to be effectively a mea-
surement performed by the meter over the system of some operator Sˆ1 for which we have
Mˆ1 = pˆm where pˆm is the momentum operator of the meter. For the second interaction
we choose Mˆ2 = xˆm where xˆm is the position operator of the meter. Finally, suppose we
initially prepare each meter in a Gaussian state |ψ〉 such that
ψ(x) = 〈xˆ |ψ〉 = 1
(piσ)1/4
e−
x2
2σ , (C1)
25
for which the density matrix is ρˆm = |ψ〉〈ψ | and the various expectation values are
〈Mˆ0〉=0 ,
〈Mˆ2〉=〈xˆm〉 =
∫
dxm〈xm |xˆmρˆm|xm〉=
∫
dxmxmψ(xm)
2 = 0
〈{Mˆ1, Mˆ1}〉=〈{pˆm, pˆm}〉=2
∫
dxm〈xm |pˆ2mρˆm|xm〉=2
∫
dxm
[(
i~
∂
∂xm
)2
ψ(xm)
]
ψ(xm)=
~2
σ
〈{Mˆ2, Mˆ2}〉=〈{xˆm, xˆm}〉=2
∫
dxm〈xm |xˆ2mρˆm|xm〉=
∫
dxmx
2
mψ(xm)
2 =σ
〈{Mˆ1, Mˆ2}〉=〈{xˆm, pˆm}〉 =
∫
dxm〈xm |(xˆmpˆm + pˆmxˆm)ρˆm|xm〉 = 0
〈i[Mˆ1, Mˆ2]〉=〈i[xˆm, pˆm]〉 = −~ (C2)
With these expressions the limits (3.10) reduce to
Ξi = 0 ∀i , Γ11 = lim
τ ′→0
1
4
τ ′g¯21
~2
σ
, Γ22 = lim
τ ′→0
1
4
τ ′g¯22σ , M˜12 = − lim
τ ′→0
τ ′g¯1g¯2
4
.
(C3)
Let’s now assume that the first interaction is an instantaneous measurement that can
be modelled by choosing its interaction strength g¯1 =
1
τ ′ – which results in an interaction
of the form of a delta function in time. The strength of the second interaction is constant
over the interval τ ′ and finite. The above limits are thus
Γ11 =
1
4
lim
τ ′→0
~2
τ ′σ
, Γ22 =
1
4
lim
τ ′→0
g¯22 τ
′σ , M˜12 = − g¯2
4
. (C4)
We notice that in order to have a well defined master equation (3.11) we need to take an
initial state for the meter such that σ goes to infinity in a way that limτ ′→0 στ ′ = D, where
D is a constant. This is equivalent to considering a measurement which is instantaneous
and “infinitely” strong but also “infinitely” inaccurate. Finally, the master equation (3.11)
for our example reads
ρ˙(t) = − i
~
[Sˆ0, ρ(t)]− i~
g¯2
4
[Sˆ2, Sˆ1ρ(t) + ρ(t)Sˆ1]
− 1
8D
[Sˆ1, [Sˆ1, ρ(t)]]− D~2
g¯22
8
[Sˆ2, [Sˆ2, ρ(t)]] .
(C5)
Note that choosing Sˆ1 =
√
2xˆs to be the position operator of the system and g¯2 =
√
2 the
last equation reduces to the unconditional master equation
ρ˙(t) = − i
~
[Sˆ0, ρ(t)]− i
2~
[Sˆ2, xˆsρ(t) + ρ(t)xˆs]
− 1
4D
[xˆs, [xˆs, ρ(t)]]− D
4~2
[Sˆ2, [Sˆ2, ρ(t)]] .
(C6)
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found by Milburn and Caves in ref. [44]. Those authors considered cycles of interaction,
in which after an instantaneous position measurement a feedback control operation was
introduced.
In general, feedback-control gates are applied to a system to control its behaviour after
a measurement was performed. In the quantum information processing community, in
the circuit framework, these are often approxiated as an instantaneous, non-infinitesimal
transformations of the system depending on the measurement outcome. It is important
to remark that contrary to this picture of feedback – where the state of the meter is not
modified – in the measurement/interaction approach applied here, the state of the meter
will naturally get modified. For the example above, it will have the net effect of shifting
the momentum of the meter. Finally notice that this will not affect the results of short
interactions in our regime since each ancillae is discarded after the measurement – but
it is an effect that needs to be taken into account when constructing measurement-based
feedback gates. For completeness, recall that if Sˆ2 = αSˆ1, the second term in Eq. (C5)
becomes a quadratic potential in Sˆ1.
Appendix D: Emergent Newtonian-like interaction
Now we present a concrete application of Section IV by introducing the gravitational
example of ref. [16]. We first genralize our model to the symmetric case, where the total
Hamiltonians during the first and the second sub-step correspondingly read
Hˆ(1) = g1(t)Sˆ1s1 ⊗ Mˆ1m1 ⊗ Iˆs2 ⊗ Iˆm2 + g2(t)Iˆs1 ⊗ Iˆm1 ⊗ Sˆ2s2 ⊗ Mˆ2m2 (D1)
Hˆ(2) = g3(t)Sˆ3s1 ⊗ Iˆm1 ⊗ Iˆs2 ⊗ Mˆ3m2 + g4(t)Iˆs1 ⊗ Mˆ4m1 ⊗ Sˆ4s2 ⊗ Iˆm2 (D2)
Following the same derivation as in the previous sections we obtain the master equation
ρ˙ (T ) = − i
~
[Sˆ0, ρ] + lim
τ ′→0
− i
~
(
g¯2〈Mˆm22 〉[Sˆs22 , ρ] + g¯4〈Mˆm14 〉[Sˆs24 , ρ] + g¯1〈Mˆm11 〉[Sˆs11 , ρ] + g¯3〈Mˆm23 〉[Sˆs13 , ρ]
)
− lim
τ→0
τ
4~2
(
g¯22〈Mˆm22
2〉[Sˆs22 , [Sˆs22 , ρ]] + g¯24〈Mˆm14
2〉[Sˆs24 , [Sˆs24 , ρ]]
+ g¯21〈Mˆm11
2〉[Sˆs11 , [Sˆs11 , ρ]] + g¯23〈Mˆm23
2〉[Sˆs13 , [Sˆs13 , ρ]]
+ g¯2g¯3〈[Mˆm23 , Mˆm22 ]〉[Sˆs13 , Sˆs22 ρ+ ρSˆs22 ] + g¯1g¯4〈[Mˆm14 , Mˆm11 ]〉[Sˆs24 , Sˆs11 ρ+ ρSˆs11 ]
+ g¯2g¯3〈{Mˆm23 , Mˆm22 }〉[Sˆs13 , [Sˆs22 , ρ]] + g¯1g¯4〈{Mˆm14 , Mˆm11 }〉[Sˆs24 , [Sˆs11 , ρ]]
)
· · · (D3)
where ρ denotes the state of both subsystems, Sˆ0 is the free part of the Hamiltonian, and
we have suppressed the identity operators.
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Since our main aim was to keep the terms in (4.5), which induce an interaction between
the systems, we need the commutators 〈[Mˆ4m1 , Mˆ1m1 ]〉 and 〈[Mˆ3m2 , Mˆ2m2 ]〉 to be non
vanishing. For simplicity, we choose:
Mˆ1
m1
= pˆm1 Mˆ2
m2
= pˆm2 Mˆ3
m2
= xˆm2 Mˆ4
m1
= xˆm1 (D4)
and we use the ancillae initially prepared in a Gaussian state centered at zero as in Eq.
(C1). Using Eqns. (C2) and assuming instantaneous interactions for g¯2 and g¯1 (such that
g¯i =
χi
τ ) and constant interactions for g¯3 and g¯4 (such that g¯3 = g¯4 = 1), then we get the
following master equation:
ρ˙ =− i
~
[Sˆ0, ρ]− i
4~
(
χ2[Sˆ
s1
3 , Sˆ
s2
2 ρ+ ρSˆ
s2
2 ] + χ1[Sˆ
s2
4 , Sˆ
s1
1 ρ+ ρSˆ
s1
1 ]
)
− D
8~2
(
[Sˆs13 , [Sˆ
s1
3 , ρ]] + [Sˆ
s2
4 , [Sˆ
s2
4 , ρ]]
)
− 1
8D
(
[Sˆs11 , [Sˆ
s1
1 , ρ]] + Sˆ
s2
2 , [Sˆ
s2
2 , ρ]]
) (D5)
If we choose the operators Sˆski = xˆ
sk
k , and set χ1 = χ2 = K, then this equation becomes
ρ˙ =− i
~
[Sˆ0, ρ]− iK
4~
([xˆ1, xˆ2ρ+ ρxˆ2] + [xˆ2, xˆ1ρ+ ρxˆ1])
− D
8~2
([xˆ1, [xˆ1, ρ]] + [xˆ2, [xˆ2, ρ]])− 1
8D
([xˆ1, [xˆ1, ρ]] + [xˆ2, [xˆ2, ρ]])
=− i
~
[Sˆ0, ρ]− iK
2~
[xˆ1xˆ2, ρ]− D
8~2
([xˆ1, [xˆ1, ρ]] + [xˆ2, [xˆ2, ρ]])− 1
8D
([xˆ1, [xˆ1, ρ]] + [xˆ2, [xˆ2, ρ]])
which yields the quadratic potential for an induced gravitational interaction (with noise)
studied in [16], taking Sˆ0 to be the sum of harmonic oscillator Hamiltonians for each
subsystem.
Appendix E: Quantum filtering equations
Below we derive quantum filtering equations from the collisional model, for different
regimes of effective dynamics studied in the main text.
To obtain time evolution of a conditional state of the system, instead of tracing over the
ancillae we project it onto a state that corresponds to the measured outcome. Denoting
the latter by |xn〉 for the nth step, instead of (2.9) we get
ρc(t+ τ) = 〈ρm〉nρc(t)− 〈ρm〉n iτ~ [Sˆ0, ρc(t)] +
τ g¯
~
(
−i〈Mˆρm〉nSˆρc(t) + i〈ρmMˆ〉nρc(t)Sˆ
)
− τ
2g¯2
2~2
(
〈Mˆ2ρm〉nSˆ2ρc(t) + 〈ρmMˆ2〉nρc(t)Sˆ2 − 2〈MˆρmMˆ〉nSˆρc(t)Sˆ
)
+ · · · (E1)
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where 〈ρm〉n ≡ 〈xn |ρm|xn〉 and where (following ref. [45]) we used the interaction picture
for the ancillae.
The ancilla operator Mˆ and its state determine the type of noise affecting the system.
Indeed, we can define a complex random variable with increment dW through
− iτ g¯〈Mˆρ˜m〉n =:
√
ΓdW, (E2)
where ρ˜m := ρm/〈ρm〉n (and the variable has distribution 〈ρ˜m〉n). Note, that dW is of
dimension
√
T and
√
Γ is a dimensional constant. The terms 〈Mˆ2ρ˜m〉n and 〈ρ˜mMˆ2〉n
in general differ from 〈Mˆρ˜mMˆ〉n (but the difference vanishes upon averaging over all
measurement records). We take as the square of the stochastic increment the expres-
sion ΓdWdW∗ = τ2g¯2〈Mˆρ˜mMˆ〉n, as this quantity is exactly equal to the square of the
magnitude of the left-hand side of (E2) for pure ρm.
The real and the imaginary parts of dW can be expressed as
<{dW} = τ g¯〈−i
2
[Mˆ, ρ˜m]〉n i={dW} = τ g¯〈 i
2
{Mˆ, ρ˜m}〉n (E3)
and so the probability for obtaining the outcome xn, Trρc, explicitly reads
〈ρm〉n
(
1 +
√
Γ
~
<{dW}Tr(Sˆρc + ρcSˆ)− τ
2g¯2
2~2
〈[Mˆ, [Mˆ, ρ˜m]]〉nTr{S2ρc}
)
+ ... (E4)
Dividing Eq. (E1) by the probability in Eq. (E4), we obtain
dρc = − i~ [τ Sˆ0 +
√
Γ={dW}Sˆ, ρc]− Γ
2~2
[Sˆ, [Sˆ, ρc]]dWdW∗ (E5)
+
√
Γ
~
<{dW}
(
Sˆρc + ρcSˆ − ρcTr{Sˆρc + ρcSˆ}
)
− τ
2g¯2
2~2
(
〈Mˆ2ρ˜m − Mˆρ˜mMˆ〉nSˆ2ρc + 〈ρ˜mMˆ2 − Mˆρ˜mMˆ〉nρcSˆ2
− ρc〈[Mˆ, [Mˆ, ρ˜m]]〉nTr{S2ρc}
)
+ ...
which describes the evolution of the normalized conditional density operator of the system.
Upon averaging over the measurement outcomes Eq. (E5) becomes identical to Eq. (2.9).
In particular the last two lines of Eq. (E5), which contain corrections stemming from the
difference between the terms 〈Mˆ2ρ˜m〉n, 〈ρ˜mMˆ2〉n and 〈Mˆρ˜mMˆ〉n, vanish. More generally,
these terms are equal provided the state of the ancillae is either diagonal in the eigenbasis
of Mˆ or if |xn〉 is an eigenstate of Mˆ . For simplicity we ignore these corrections hereafter.
Equation (E5) is a quantum filtering equation [5, 6, 45, 66], with noise given by a general
process dW. The real part <{dW} has vanishing average and gives the usual stochastic
term, while the average of ={dW} is proportional to 〈M〉 and contributes to the unitary
dynamics of the system.
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In the Heisenberg picture Eq. (E5) also gives the evolution of any system observable
(up to a sign of i). Thus, outcomes of measurements of S conditioned on the observations
made on the ancilla exhibit noise given by dW, up to order τ :
S˙ = 〈S˙〉freec +
2
√
Γ∆S2c
~
<{dW}
dt
where ∆S2c = 〈Sˆ2〉c − 〈Sˆ〉2c is the conditional variance of Sˆ, see also [45].
1. Input-output relation for the ancillae
Up to order τ , an ancilla operator mˆ evolves as
mˆ(t+ τ) = mˆ+
iτ
~
[Mˆ0, mˆ] +
iτ
~
[Mˆ, mˆ]Sˆ (E6)
where for clarity we absorbed the factor g¯ into Mˆ . In the usual case, when the measurement
is done in a complementary basis to Mˆ , we have
mˆ(t+ τ) = mˆ(t) + τf
i
~
Mˆ + τ Sˆ, (E7)
provided [Mˆ0, mˆ] = fMˆ , for some dimensional (and possibly complex) f . (This holds
e.g. for position measurements mˆ = xˆ on the ancillae, which are assumed to be free particles
with M0 ∝ pˆ2/2 and which interact with the system via Mˆ = pˆ, a relevant case for our
work). Taking the conditional expectation values and defining the measurement current
m˙c := lim
τ→0
〈mˆ(t+ τ)− mˆ(t)〉n
τ
we see that m˙c provides a noisy measurement of Sˆ, from
Eq. (E7):
〈Sˆ〉c = m˙c + f
√
Γ
~
ξ, (E8)
where 〈Sˆ〉c is the conditional mean and ξ := lim
τ→0
dW
τ
.
2. Regimes of dynamics
As stressed in the main text, depending on the interplay between the state of the
ancillae, the interaction strength g¯, and operator Mˆ , different types of dynamics emerge.
This is also the case for the conditional dynamics described by (E5). The basis in which
the ancillae are measured defines a so-called unravelling of the master equation (but give
the same unconditional dynamics).
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a. Exact unitarity (Sec. II A). The ancillae are here in an eigenstate of Mˆ , with a
common eigenvalue M . The conditional state of the system is given by
ρc(t+ τ) = 〈e− i~ g¯SˆMˆτρ(t)e i~ g¯SˆMˆτ 〉n (E9)
and the conditional master equation (E5) thus reads
ρ˙c = − i~ [Sˆ0 + ={ξ}Sˆ, ρ], (E10)
with ξ defined as in the section above. Since 〈Mˆρ˜m〉n ≡ M , the stochastic increment
describes a process with exactly vanishing noise.
b. Effective unitarity (Sec. II B). From eq. (2.11) directly follows that the noise incre-
ments satisfy dW = O(τ) and dW2 = O(τ2). Hence, only the first order terms contribute,
and the stochastic master equation reads
ρ˙c = lim
τ→0
dρc
τ
= − i
~
[Sˆ0 + ={ξ}Sˆ, ρc] +
√
Γ
~
<{ξ}
(
Sˆρc + ρcSˆ − ρcTr{Sˆρc + ρcSˆ}
)
, (E11)
In the collisional-model picture in the strong interaction regime (g¯ ∝ 1/τ) the ancilla must
be close to an eigenstate of Mˆ , but for the weak interaction regime (g¯ constant) the ancilla
can be in a generic state, see discussion in the main text. Both these cases consistently
define stochastic variable with small variance, which results in a process with effectively
vanishing noise. Note, that the last term describes fluctuations in the evolution of the
system due to statistical fluctuations in the measurement outcomes on which the system
dynamics is conditioned: Indeed, <{ξ} ∝ 〈−i2 [Mˆ, ρ˜m]〉n vanishes if ρm commutes with Mˆ ,
or if the unravelling (measurement basis |xn〉) is the eigenbasis of Mˆ .
c. Finite decoherence (Sec. II D). The first of the conditions in Eq. (2.17) implies that
dW2 = O(τ), while the higher order terms vanish. Thus the random variable corresponds
to the Wiener process. The stochastic master equation takes the form
ρ˙c =− i~ [Sˆ0 + ={ξ}Sˆ, ρc]−
Γ
2~2
[Sˆ, [Sˆ, ρc]] (E12)
+
√
Γ
~
<{ξ}
(
Sˆρc + ρcSˆ − ρcTr{Sˆρc + ρcSˆ}
)
.
We note that ancilla e.g. in a Gaussian state in a basis complementary to Mˆ , and with
zero mean, defines an ideal Wiener process, with vanishing average of <{dW}, and ={dW}
identically zero.
d. Zeno effect (Sec. II C). In this case we have τ g¯ → 1 with fixed (and finite) moments
〈Mˆk〉n. All powers of the increment dW thus contribute O(1/τ) to the master equation.
In a full analogy to Eq. (2.14), the leading terms give
ρ˙c = lim
τ→0
1
τ
( ∞∑
n=0
(−i
~
)n
dWn[Sˆ, [Sˆ...[Sˆ, ρc]...]]− ρc
)
, (E13)
where for simplicity we assumed a real stochastic increment.
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3. Feedback
If the measurement outcomes are known, as the filtering approach assumes, after each
measurement one can perform feedback control on the system by applying a Hamiltonian
based on the measurement result. The conditional state of the system, discussed above, is
then after each measurement additionally modified according to
ρ(t+ τ) = e−
i
~HFBτρc(t)e
i
~HFBτ , (E14)
with HFB = g¯2χ˙Sˆ2 with χ˙ the measurement current [68]. Suppose
5 χ˙ = 〈Sˆ〉c + ~2√Γ
dW
dt ,
see also Eq. (E8), and we restrict for simplicity to real dW. For the case corresponding
to finite decoherence, we take in Eq. (E14) the conditional state given by Eq. (E13) and
expand the feedback operators ignoring second order terms and higher, which will vanish
in the limit τ → 0. The resulting master equation for a conditional dynamics including
the continuous measurement and feedback process is
ρ˙c =− i~ [Sˆ0, ρ]− Γ2~2 [Sˆ, [Sˆ, ρ]]−
g¯22
8Γ [Sˆ2, [Sˆ2, ρ]] +
−ig¯2
2~ [Sˆ2, Sˆρ+ ρSˆ]
+ dWdt
(√
Γ
~ (Sˆρ+ ρSˆ − 2〈Sˆ〉ρ)− ig¯22√Γ [Sˆ2, ρ]
)
. (E15)
Averaging over the measurement results, only the first line of Eq. (E15) remains. The
resulting equation has the same form as the collisional model feedback in Eq. (3.11).
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